Abstract n this paper, we present a conceptual design of a novel gesture-based instruction/input device using wave detection. The device recogonizes/detects gestures from a person and based on which to give the specific orders/inputs to the computing machine that is connected to it. The gestures are modelled as the shapes of some impenetrable or penetrable scatterers from a certain admissible class, called a dictionary. The device generates time-harmonic point signals for the gesture recognition/detection. It then collects the scattered wave in a relatively small backscattering aperture on a bounded surface containing the point sources. The recognition algorithm consists of two steps and requires only two incident waves of different wavenumbers. The approximate location of the scatterer is first determined by using the measured data at a small wavenumber and the shape of the scatterer is then identified using the computed location of the scatterer and the measured data at a regular wavenumber. We provide the mathematical principle with rigorous justifications underlying the design. Numerical experiments show that the proposed device works effectively and efficiently in some practical scenarios.
Introduction
The technology of gesture computing enables humans to communicate with the machine and interact naturally without any mechanical devices; see Fig. 1 for a schematic illustration. Typically, a gesture-based computing technology consists of three major ingredients: the computing machine, the recognition device and the human being who gives single transmitter which generates point wave signals. There is an array of receivers distributed on a bounded surface containing the transmitter. First, we emphasize that from a practical viewpoint, the aperture of the receivers cannot be very large. Second, in order to single out the wave signals for the gesture recognition from possible noises, we shall make use of time-harmonic waves with specified frequencies, namely wavenumbers. Finally, the recognition must be conducted in a timely manner. Indeed, we take account of all these practical factors into our study. We shall make use of two timeharmonic point sources with, respectively, a low wavenumber and a regular wavenumber (in terms of the size of the human body). The backscattering data of a small aperture are measured on a bounded surface containing the point sources. In fact, we can even make use of the phaseless data. The recognition algorithm consists of two steps. In the first step, we determine the location of the scatterer by using the measured data at a small wavenumber. In the second step, with the information of the location of the scatterer, we then identify the shape of the scatterer using the measured data at a regular wavenumber. Our proposed recognition method is computationally very fast, and it is of a totally "direct" nature without any inversion involved. Hence, our design nicely addresses all the practical concerns mentioned earlier.
It is pointed out that the mathematical principle of our novel design is a typical inverse scattering problem, where one sends wave fields and collects the scattered wave data, and finally uses the data to identify the unknown scatterer. The study on inverse scattering problems is central to many areas of science and technology, including radar/sonar, geophysical exploration and medical imaging. We refer to [5, 7, 10, 22] and references therein for related studies on inverse scattering problems. Nevertheless, we would like to emphasize that our study is new to the literature and would meet significant challenges even in the setting of inverse scattering study. As discussed earlier, we shall make use of only two point sources for the identification. The shape identification using a minimum number of scattering measurements is known as the Schiffer's problem (cf. [7] ), and remains to be a longstanding open problem in the literature. There is some significant progress on the Schiffer's problem in determining general polyhedral scatter-ers [1, 6, 9, 15] , and in approximately determining general scatterers [14, 21] . Another challenging issue in our study is the phaseless measurement data in a limited aperture. The inverse scattering problems with phaseless data are notoriously difficult in the literature and we refer to [11, 12] for some recent progress. A key assumption in our study which can alleviate the mathematical challenges that we are confronting with for the novel gesture recognition device is that the shapes are a priori known to be from an admissible class, called a dictionary. This is a practically reasonable assumption since one can calibrate the gesture recognition device beforehand by collecting the scattering information of the admissible gestures. It is noted that there are some existing studies in recovering scatterers from an admissible class or dictionary; see [2] [3] [4] 13] . Among others, one distinctive novelty of our this study lies at the very little scattering information that we use for the identification.
The rest of the paper is organized as follows. In Section 2, we present the mathematical principle study of the novel gesture recognition device. In Section 3, we conduct extensive numerical experiments to show and verify the effectiveness and efficiency of the proposed recognition algorithm.
Mathematical principle study
In this section, we present the mathematical modelling and the recognition algorithm for the proposed gesture-based computing device. Following our discussion in Section 1, we let
be a time-harmonic point source with a wavenumber κ located at the origin, where
is the fundamental solution of the PDO, −∆ − κ 2 ; namely (−∆ x − κ 2 )Φ κ (x, y) = δ(x, y). By factoring out the time-oscillating part, in what follows, we simply write 2) to denote the time-harmonic point signal located at the origin. We model the shape of the body of the person who performs the gestures as a bounded Lipschitz domain Ω. It is assumed that Ω possesses a connected complement, Ω ex = R 3 \Ω. Furthermore, as discussed earlier in Section 1 that the gesture recognition device can be calibrated beforehand, we assume that there exists an admissible class or a dictionary of Lipschitz domains,
where each D j is simply connected and contains the origin, such that
It is also assumed that where z ∈ R 3 is the location of Ω in (2.4). The assumption (2.5) means that the Euclidean size of the scatterer Ω can be calibrated so that we could choose the low frequency in the sense that 2π/κ Ω := D or the regular frequency in the sense that 2π/κ Ω , of the point source (2.2) for the gesture recognition. The assumption (2.6) means that the person performing the gesture instructions should stay away from the device of a sufficiently large distance. However, it is emphasized that this condition is mainly needed in our theoretical justification of the gesture recognition algorithm in what follows. Indeed, in our numerical experiments, it can be seen that as long as the scatterer Ω is located away from the point source of a reasonable distance, then the recognition method can work effectively and efficiently to recover the scatterer.
Due to the presence of the scatterer Ω, the propagation of the point wave (2.2) will be interrupted, leading to the so-called scattering. Denote by u Ω κ (x), x ∈ Ω ex the interrupted/scattered wave field associated with the scatterer Ω and the point source u in κ (x) in (2.2). Let Γ denote a bounded surface containing the origin such that dist(Ω, Γ) 1, where dist(Ω, Γ) = inf x∈Ω,y∈Γ x − y denotes the distance between Ω and Γ. In our gesture recognition study, Γ denotes the measurement surface such that one measures the scattered wave field u Ω κ | Γ and from which to recover the shape of the scatterer Ω; that is, ∂Ω = z + ∂D. For a timely recognition, we shall only makes use of two point waves of the form (2.2) for two values of κ 1. Moreover, from a practical point of view, we shall mainly consider two cases that Ω is impenetrable being soft or Ω is penetrable being a medium scatterer. The case that Ω is soft corresponds to the case that the person wears a certain equipment which prevents the wave field from penetrating inside the body; and the case that Ω is a medium scatterer correspond to the generic situation where the wave field can pass through the body.
Impenetrable soft scatterer
We first consider the case where Ω is soft, namely Ω is impenetrable to the wave and there holds the homogeneous boundary condition u in κ + u Ω κ = 0 on ∂Ω. In the frequency domain, the wave scattering is governed by the following PDE system for
where r = x and the limit holds uniformly for allx := x/ x ∈ S 2 , where S 2 denotes the unit sphere in R 3 . The last limit in (2.7) is known as the Sommerfeld tradition condition, which characterizes the decaying property of the scattered wave field away from the scatterer. The scattering system (2.7) is well understood [7, 16, 17] , and there exists a unique solution u Ω κ ∈ H 1 loc (R 3 \Ω) which possesses the following asymptotic expansion as x → +∞, 8) where u ∞ κ is known as the far-field pattern for u Ω κ , andx is called the observation direction.
The inverse scattering problem concerning the gesture recognition is to identify ∂Ω from the measurement of the scattered field on Γ due to Ω. Noting that ∂Ω = z + ∂D, where z is the location of the scatterer and the shape D is from the dictionary. For the recovery of ∂Ω, it would be advantageous of decoupling the information on z and D in the scattered wave field u Ω κ | Γ . This can be done if the incident wave field is a plane wave of the form e iκd·x with d ∈ S 2 denoting the incident direction, and one can make use of a certain translation relation; see [13] . For the current study with the incident wave being a point signal (2.2), our first step is derive a similar relation in order to decouple the information of z and D in the scattered wave field that is measured on Γ. The main idea arises from the crucial observation that u in (x) near Ω can be approximated by a plane wave propagating in theẑ-direction. This is also the reason why we need to assume that the scatterer is located at a reasonably large distance away from the origin which is the location of both the point source and the measurement surface. Nevertheless, we would like to emphasize again that this assumption is mainly required in our theoretical justification, and our numerical experiments show that even without this assumption, the proposed recognition algorithm still works effectively and efficiently.
In what follows, if the incident wave u in κ in the scattering system (2.7) is replaced by a plane wave e iκd·x , then we write w κ (D, d; x), x ∈ D ex , to denote the corresponding scattered wave field, and w ∞ κ (D, d;x),x ∈ S 2 , to denote the associated far-field pattern. Then we have the following crucial theorem for the subsequent recovery use. Theorem 2.1. Let κ ∈ R + be fixed. Let w κ (D,ẑ; x), x ∈ D ex and w ∞ κ (D,ẑ;x),x ∈ S 2 be, respectively, the scattered field and the far-field pattern corresponding to the soundsoft scatterer D and the plane incident field w in κ (ẑ; x) = e iκẑ·x . Let u Ω κ be the scattered wave field defined in (2.7). Then there holds the following asymptotic expansion,
as z → ∞ uniformly for allẑ ∈ S 2 and x ∈ Γ.
Proof. We first assume that ∂D is C 2 -continuous and we can make use of the BrakhageWerner trick for our proof (cf. [7, 17] ). In this case, it is known that u Ω κ ∈ C 2 (Ω ex ) ∩ C(Ω ex ). We seek the solution to (2.7) in the form of combined layer potentials,
where ϕ Ω κ ∈ C(∂Ω) and the double-layer potential,
and the single-layer potential,
and η = 0 is a real-valued coupling parameter. By letting x → ∂Ω + and using the jump relations for the layer potential operators (cf. [7, 17] ), together with the boundary condition in (2.7), we obtain the following integral equation for ϕ Ω κ ∈ C(∂Ω),
Using change of variables, we can verify from (2.10) that
where
Applying the jump relations yields
Combining (2.11) and (2.12) we obtain
Using the asymptotic expansion
which holds uniformly forẑ ∈ S 2 as z → ∞, we can derive
Plugging (2.14) into (2.13), noting that
Using change of variables yields
Plugging the far-field expansion
into (2.15) we finally obtain (2.9). It is pointed out that the Brakhage-Werner trick of using combined layer potentials to represent the wave solution is to avoid the interior eigenvalue problem. That is, if η ≡ 0 and κ 2 is a Dirichlet eigenvalue to −∆ in D, then the integral operator .13) is no longer invertible. Hence, if one assumes that κ 2 is not a Dirichlet Laplacian eigenvalue to D, then one can simply use the double-layer potential to represent the solution u Ω κ in (2.10). Particularly, in such a case, by using the mapping properties of the double layer potential operator when D is a Lipschitz domain in [16] , one can follow a completely similar argument as above to show that the theorem holds when ∂D is only Lipschitz-continuous. Then case that ∂D is Lipschitz-continuous and also κ 2 is a Dirichlet Laplacian eigenvalue would need more technical argument by following the techniques in [16] . We shall not give a complete treatment to the last case and instead we shall focus on our study of the gesture recognition.
The proof is complete.
Penetrable medium scatterer
Next we consider the case when the target object Ω is a penetrable medium scatterer. Let
x ∈ Ω, denotes the refractive index of the medium inside the body Ω. In a similar manner, we let n D and m D signify the refractive index functions of the reference scatterer D.
Recalling that Ω = D + z, one clearly has the following relation,
Similar to Theorem 2.1, we let w in κ (ẑ; x) = e iκẑ·x be a plane incident wave and w κ (D,ẑ; x) be the scattered wave due to D and w in κ (ẑ; x). Set
Then the total field w t κ (D,ẑ; ·) satisfies the equation
Equation (2.16) together with the Sommerfeld radiation condition on w κ (D,ẑ; x) governs the wave scattering corresponding to the reference medium scatterer (D, n D ) due to timeharmonic plane wave incidence. It follows from the Lippmann-Schwinger equation [7] that
Let u in κ (x) be the point-source incident field given by (2.2) and u t κ = u in κ + u Ω κ be the total field due to (Ω, n Ω ) and u in κ . Then we have
where n Ω (x) = n D (x − z) and δ denotes the Dirac delta function. It is easy to verify 18) where m Ω = n Ω − 1. For any fixed x ∈ R 3 let B be a ball centered at the origion such that B ⊃ {x} ∪ Ω. It follows from Green's formula [7, 17] that
We can deduce the boundary integral in (2.19) is zero by using Green's Theorem in B \B for a ball B centered at the origion and the Sommerfeld radiation condition for
That is, the Lippman-Schwinger equation remains valid for a point-source incident field located in the exterior of Ω. Similar to Theorem 2.1, we have the following crucial theorem for our subsequent use of recovering ∂Ω = ∂D + z for (Ω, n Ω ). Theorem 2.2. Let u Ω κ , w κ (D,ẑ; ·) be the scattered wave fields defined above in this section and w ∞ κ (D,ẑ;x),x ∈ S 2 be the far-field pattern corresponding to w κ (D,ẑ; ·), then there holds the asymptotic expansion (2.9).
Proof. Define the operator
It is known that T Ω κ is a bounded operator from L 2 (Ω) to H 2 (Ω); we refer to [7] for more discussion about the mapping properties of this volume integral operator. Then we may rewrite (2.20) as
Similarly we may rewrite (2.17) as
where T D κ is defined in the same way as (2.21) but with Ω replaced by D. Introduce the change of variablesx = x − z,ũ Ω κ (x) = u Ω κ (x), then it is easy to verify
Hence it follows from (2.22) that
On the other hand it follows from (2.23) that
Since (I − T D κ ) −1 and T D κ are bounded (cf. [7] ), combining (2.14), (2.24) and (2.25) yieldsũ
Reverting the change of variable we conclude
Applying the far-field expansion yields (2.9). The proof is complete.
Determination of the location
We are now in a position to present the gesture recognition algorithm of recovering Ω = D + z by using u Ω κ | Γ . In the first step, we shall determine the location of z of Ω. We shall achieve this by using an incident point wave with a relatively small wavenumber κ. The following result shall be of importance in designing our algorithm. uniformly for allẑ ∈ S 2 andx ∈ S 2 , where α(D) is a constant depending only on D.
Proof. Similar to the proof of Theorem 2.1, we assume that ∂D is C 2 -continuous so that we can make use of the Brakhage-Werner trick. Denote where ϕ 0 := B 0 w in 0 and ψ κ → 0 as κ → +0. For y ∈ ∂D and x → +∞ we have the expansion,
uniformly for allx ∈ S 2 . For y ∈ ∂D, x → +∞ and κ → +0, we have
27)
It then follows that
is a constant depending only on D and
and (2.26) follows from the far-field expansion. The proof is complete.
Similar to Theorem 2.3, we have the following result for the scattering from a medium scatterer (Ω, n Ω ). Theorem 2.4. Let (D, n D ) be a penetrable medium scatterer. Let w κ (D,ẑ; x) and w ∞ κ (D,ẑ;x) be defined in Section 2.2, then there holds
28)
where α(D) is a constant depending only on D and n D .
Proof. Using the expansion (2.27) and e −iκẑ·y = 1 + O(κ), we deduce
Hence it follows from (2.25) and (2.29) that
which readily implies (2.28) by using the far-field expansion. The proof is complete.
With the help of Theorems 2.3 and 2.4, we are ready to present the scheme of recovering the location point z of the scatterer Ω = D + z. Without loss of generality, we assume that the scatterer is located in the half-space R 3 + := {x = (x 1 , x 2 , x 3 ) : x 1 > 0}. Let the measurement surface Γ be a bounded set in the x 2 x 3 -plane. Let z ∈ R 3 + be an arbitrary sampling point contained in a bounded sampling region S ⊂ R 3 + . In view of Theorems 2.1 and 2.3, we propose the following indicator functional for the determination of the location of Ω = D + z:
where u κ (D, z; x) = u Ω κ (x), x ∈ Γ is the scattered wave field (cf. (2.7) and (2.18)) measured on the surface Γ due to the scatterer Ω and the incident field u in κ in (2.2); and the test functionů
If the measurement data are phaseless, then we modify the indicator functional as
We can show the following indicating behavior of the functionals introduced in (2.30) and (2.31), which can help us to find the location point z. uniformly for all D ∈ A ,ẑ ∈ S 2 and z ∈ S, where
if I κ is given by (2.30); or
if I κ is given by (2.31). The unique maximum ofI κ (z; z) is obtained at z = z with maximal value 1.
Proof. We first consider the case when D is an impenetrable scatterer and I κ is given by (2.30). By Theorems 2.1 and 2.3, we have
uniformly for allẑ ∈ S 2 and x ∈ S. Plugging (2.33) into (2.30) yields (2.32) immediately. It follows from the Cauchy-Schwarz inequality that |I κ (z; z)| ≤ 1 for all z ∈ R 3 + where the equality holds only whenů κ (z; ·) andů κ ( z; ·) are constant multiples of each other. Clearly this occurs only if z = ±z, and furthermore since z ∈ R 3 + and z ∈ R 3 + , we must have that z = z.
The case when D is a penetrable medium scatterer and I κ is given by (2.31) follows from similar arguments. The proof is complete.
From Theorem 2.5 one can expect the maximum of I κ (D, z; z) will be achieved at z ≈ z. Furthermore one can expect that the maximum point is unique if κ is sufficiently small, which means the approximate location can be found efficiently using local optimization algorithms.
Gesture recognition
After the determination of the approximate locationz = arg max z I κ (D, z; z) of the gesture Ω = z + D in Section 2.3, we proceed to the determination of the shape D. To that end, we shall make use of another incident field with a wavenumber κ 1. In view of Theorem 2.1, we propose the following indicator functional,
where w ∞ κ is defined, respectively, in Sections 2.1 and 2.2, corresponding to the cases when D is impenetrable and penetrable. If the measurement data are phaseless, then we modify the indicator function as follows,
The identification of the shape D is based on the following theorem.
Theorem 2.6. Assume there exists a constant
Then for any sufficiently small ε ∈ R + there exist R ∈ R + and δ ∈ R + such that if z > R and z −z < δ,
if J κ is given by (2.34); or
the case when J κ is given by (2.36)), then there exists R > 0 and δ > 0 such that if z > R and z −z < δ, then there holds
Proof. In the following, we only consider the case when D is impenetrable and J κ is given by (2.34). The case when D is a penetrable medium scatterer and/or J κ is given by (2.36) can be proven in a completely similar manner.
Let ε > 0 be sufficiently small and fixed. By Theorem 2.1 there exists R > 0 such that if z > R,
For given z such that z > R it follows from the analyticity of w ∞ κ (D,ẑ; x −z) inz that there exists δ > 0 such that if z −z < δ, one has
Combining (2.37) and (2.38) yields, for any given z,z ∈ S such that z > R and z −z < δ, there holdŝ
Using the Cauchy-Schwarz inequality, one has
with |σ| < ε 4 . Substituting (2.40) and (2.41) into (2.34) yields
.
The statement in the second part of the theorem can be readily shown by using the Cauchy-Schwarz inequality. The proof is complete.
By using Theorem 2.6, the identification of the shape can be proceeded as follows. One first collects the measurement data u Ω κ | Γ (resp. |u Ω κ | Γ |), and then compute the indicator functional (2.34) (resp. (2.36)), by taking D i = D and running the trial shape D j through all the dictionary shapes in A . According to Theorem 2.6, one readily sees that only when the trial shape D j = D, the indicator functional achieves its maximum value (being approximately 1). We note that in order to calculate the indicator functionals (2.34) or (2.36), one needs the far-field data of all the dictionary scatterers D j ∈ A corresponding to incident plane waves (cf. (2.35) ). It is remarked that those dictionary scattering data can be captured and saved beforehand in the gesture recognition device.
Numerical experiments
In this section we describe the numerical implementation and conduct numerical experiments to test the effectiveness and efficiency of the recognition method.
Without loss of generality, we assume that the target scatterer is given by Ω := D i + z 0 for some D i ∈ A and z 0 ∈ R 3 + . Let the measurement surface Γ be a square in the x 2 x 3 -plane and centred at the origin. The measurement data v(κ 1 , D i , z 0 ; x) and v(κ 2 , D i , z 0 ; x) are taken at a uniformly distributed grid points on Γ. The L 2 -inner product and the L 2 -norm on Γ in the indicator functionals (2.30) and (2.20) are approximately computed using the composite Trapezoidal rule on the grid.
Using polar coordinates (θ, ϕ) ∈ S 2 , we let (θ in j , ϕ in k ) be a uniform mesh of the incident angles from
, and (θ m , ϕ n ) be a uniform mesh of observation angles from
. We compute and save
For fixed D ∈ A ,ẑ ∈ S 2 + andx mn , we let w ∞ z (κ, D;x mn ) be the bilinear interpolation of w ∞ (κ, D i ,ẑ jk ;x mn ) atẑ. For fixed x ∈ Γ, let w ∞ zx (κ, D) be the bilinear interpolation of w ∞ z (κ, D;x mn ) at x − z. Then we have the approximation w ∞ (κ, D,ẑ; x − z) ≈ w ∞ zx (κ, D) and the functionû in (2.34) can be computed efficiently from precomputed data saved in the gesture recognition device.
For the numerical experiments, the admissible class/dictionary consists of six scatterers as shown in Figure 3 . Each scatterer is composed of four unit cubes.
In the numerical experiments in what follows, we let z 0 = [50, 0, 0] be fixed. The wavelength for determining the location is set to be λ 1 := 2π/κ 1 = 100 and the wavelength for the shape identification is set to be λ 2 =:= 2π/κ 2 = 1. The measurement surface Γ is a square in the x 2 x 3 -plane, centred at the origin and has a side length 20. The measurement data is taken at a 32 × 32 uniform mesh on Γ. The far-field data are computed and saved at a 180 × 180 uniform mesh for the incident angles and 180 × 180
Figure 3: The dictionary consists of six scatterers. Each scatterer is comprised with four unit cubes. 
Impenetrable scatterers
We first consider the case when all D i ∈ A are impenetrable soft scatterers. In the first step of the identification, we determine the approximate location of the scatterer as the maximizer of the indicator function I κ (cf. (2.30) and (2.31)). The coordinates and the distance from the exact location are presented in Table 1 for each scatterer in the Table 2 : The j-th row and i-th column of the number array gives the value of J κ (D i , D j , z 0 ;z 0 ) using noise free measurement data with phase. All D i ∈ A are impenetrable scatterers. Table 3 : Approximate locationz 0 = (z 1 0 ,z 2 0 ,z 3 0 ) for each scatterer in the dictionary using noise-free phaseless measurement data. All D i ∈ A are impenetrable scatterers.
dictionary.
Next we compute the value of the indicator function J κ (cf. (2.34) and (2.36)) at the approximate location found in table 1. The results are listed in Table 2 , where the value of J κ (D i , D j , z 0 ;z 0 ) is listed in the j-th row and i-th column of the array. The maximum value in each row is marked in bold face. Clearly the maximum is obtained at i = j and the scatterer is identified in each case. The whole process of a recognition takes less than one second in a personal computer (excluding the time needed to precompute the far-field pattern and save the data in the disk).
Alternatively, we can use phaseless measurement data in both the first and the second step of the identification. The locations found using the phaseless data are listed in Table  3 . We observe that the results are equally good compared to the results found with the full data. The identification results using phaseless data are presented in Table 4 . Again the results are similar to those found using measurement data with phases.
Since the computation of the indicator functionals involves only algebraic operations on the measured data, it is expected that the method is robust with respect to measurement noise. In fact, the sensitivity of the indicator functionals tends to zero as the grid size of the measurement surface tends to zero if the noise is assumed to be white. For the 32 × 32 mesh of the measurement surface, we are still able to recoginize all the scatterers with the phaseless data plus a 5% relative white noise with uniform distribution in [−1, 1]. The robustness with respect to the measurement noise increases as the number of measurement point increases. The value of the indicator function J κ for one run of the algorithm is shown in Table 5 . Table 5 : The j-th row and i-th column of the number array gives the value of J κ (D i , D j , z 0 ;z 0 ) using phaseless measurement data plus 5% relative noise. All D i ∈ A are impenetrable soft scatterers Finally, we consider the case when all or some of D ∈ A are medium scatterers. Table  6 shows the results when all D ∈ A are medium scatterers with n D = 4.0 and Table 7 shows the results when 
